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Abstract 

We present several large classes of real Banach Lie-Poisson spaces whose characteristic distri- 
butions are integrable, the integral manifolds being symplectic leaves just as in finite dimensions. 
We also investigate when these leaves are embedded submanifolds or when they have Kahler struc- 
tures. Our results apply to the real Banach Lie-Poisson spaces provided by the self-adjoint parts of 
preduals of arbitrary W-algebras, as well as of certain operator ideals. 
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1 Introduction 

This paper studies some geometric properties of the recently introduced Banach Lie-Poisson spaces (see 
|28|L Every Banach Lie-Poisson space is the predual of some Banach Lie algebra. Two classes of Banach 
Lie-Poisson spaces will be investigated in this work: preduals of VK*-algebras and preduals of certain 
operator ideals. 

To explain the geometric questions addressed for these two types of Banach Lie-Poisson spaces, recall 
that every finite dimensional Poisson manifold has a characteristic generalized distribution whose value 
at any point is the span of all Hamiltonian vector fields evaluated at that point. The characteristic 
distribution is always integrable and each of its leaves has two key features: it is an initial symplectic 
submanifold of the Poisson manifold under consideration that is at the same time a Poisson submanifold 
(see e.g., [SHI or 

If the Poisson manifold is a Lie-Poisson space g*, where g is the Lie algebra of some connected finite 
dimensional Lie group G, it turns out that the integral manifolds of the characteristic distribution of g* 
are just the coadjoint orbits of G with the natural G-invariant orbit symplectic structures (see e.g., [35] 
or If G is compact, then the coadjoint orbits are G-homogeneous embedded Kahler submanifolds 

of g* (see e.g. [T7]L 

The goal of the present paper is to show that similar phenomena occur in infinite dimensions for 
large classes of Banach Lie-Poisson spaces. The main results are described in Corollaries l2.1Ul and l4.6l 
and in Theorem 15. 101 In the case of preduals of T4^*-algebras, weakly symplectic structures on integral 
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manifolds of the characteristic distribution have been already constructed in |28| under a certain tech- 
nical condition. We shall prove in Proposition ^ . 81 that this condition is always satisfied, for self-adjoint 
elements, hence all the integral manifolds of the corresponding characteristic distribution are symplectic 
leaves. On the other hand, in the predual ©i (trace class operators) of B(H) (bounded operators) 
for some complex Hilbert space H, the question of which leaves are actually embedded submanifolds 
of Si was answered in jS] and HJ: they are precisely the leaves containing finite-rank operators. It 
is noteworthy that a similar characterization of the unitary orbits that are embedded submanifolds of 
13(H) had been previously obtained in 1 , cf. Theorem 13.11 below. (See for an extension of that 
characterization to unitary orbits in arbitrary C*-algebras.) We shall prove a similar result in the more 
general setting of operator ideals (see Theorem 15 .100 . Moreover, we will show that all these embedded 
submanifolds are actually weakly Kahler homogeneous spaces, thus recovering what happens in finite 
dimensions for the coadjoint orbits of the compact group U(n). This circle of ideas is naturally related 
to the general question of prequantization of infinite dimensional manifolds carrying a closed two form 
and the problem of finding Banach Lie groups acting naturally on the relevant associated bundles; see 
[231231211 for progress in this direction. 

2 Symplectic leaves in preduals of VK*-algebras 

Throughout the paper, by C*-algebra (respectively W*- algebra) we actually mean united C*-algebra 
(respectively unital VF*-algebra). 

Definition 2.1 For every C* -algebra M, let 

V M := { P G M \p 2 = P *=p} 

be the set of all orthogonal projections in M . We denote by Um the Banach Lie group of all unitary 
elements of M . Every u G Um defines an isometric ^-isomorphism 

Ad(u) : M — » M, a i— > uau* . 

We also denote by Um the Lie algebra o/Um, that is, 

Um : = {a e M \ a* = —a}. 

Throughout the paper, if M is a VF*-algebra then M* denotes the predual of M and M* the dual 
of M. An element ip G M* is said to be faithful if <p(a*a) > whenever 0^a£ M. This condition is 
equivalent to the fact that the support of <p equals 1 (see Remark |23 below). 

Recall that a smooth map / : V — » W between the Banach manifolds V and W is said to be a weak 
immersion if its tangent map T v f: T V V — > Tu v \W at any point v G V is an injective linear bounded 
map. Note that no assumption about the closedness of the range and its splitting properties are made. 

Theorem 2.2 (gj) Let M be a W* -algebra and ip G M* faithful. Consider the centralizer of if, that is, 
the sub-W* -algebra 

M v = {ae M | (V6 G M) tp(ab) = tp(ba)}, 
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and the unitary orbit of ip, 

U v = {ipo Ad(u) | u G U A /} ^ Um/Um?, 

where Um, '■= {a G Um | (V£> G M) </?(a&) = ^3(60)} is the unitary group of the centralizer algebra M v , 
that is, the unitary elements of M v . 
Then the following assertions hold: 

(i) U v C M*. 

(ii) 77ie unitary group Uju? 0/ t/ie centralizer algebra M v is a Lie subgroup of Um . 

(iii) The unitary orbit U v has a natural structure of weakly immersed submanifold of M* and Um acts 
on it smoothly on the left via (u, ip) G Um X Utp l— * ip Ad(u _1 ) G U v . 

(iv) TTie smooth manifold 1A V is simply connected. 

Proof, (i) This is obvious. 

(ii) Note that Um«> is an algebraic subgroup of Um in the following sense (see Definition 8.9 in [7]): 

Um, - {a G U M | (Vp G P) p(o, a" 1 ) = 0}, 

where V is a set of continuous polynomial functions on M x M. In fact, we may take V = {pb}beM, 
where 

pi, : M x M — > C, Pi)(:K, y) = ip(xb) — (p(bx) 

whenever 6 G M; note that the polynomial pb depends only on x, but we think of it as a function of 
{x,y). It is clear that each pb is a continuous linear functional on M x M, and thus a polynomial of 
degree < 1. 

Now the fact that Um» is a Lie group with the topology inherited from Um follows by the main 
result of [IHj; see Theorem 8.12 in |Jj for the precise statement in this regard. Furthermore, to prove 
that Um, is actually a Lie subgroup of Um, we still have to show that the Lie algebra um» is a split 
subspace of Um- The latter fact is a consequence of the fact that, since <p is a normal faithful positive 
form on M, there exists a conditional expectation E of M onto M v . We recall from Lemma 8.14.6 in 
|31| that M v equals the fixed-point algebra of the modular group of automorphisms of M associated 
with (p. Thus the main theorem of implies that there exists a conditional expectation E from M 
onto M v satisfying <p o E = (p. (Alternatively, the existence of E follows by Remark 2.1 in 3 .) 

(iii) The unitary orbit IA V — {ip o Ad(u) \ u G Um } through ip G M* is in bijective correspondence 
with Um/(Um) v , where 

(Um) v : = G Um I (y 5 Ad(u) = (ys} 

is the isotropy subgroup of p under the dual of the action Ad, where Ad(it)& := ubu^ 1 for any b G M. 
It is easily verified that 

(Um)<p = Um, • 

By (ii), Um, is a Lie subgroup of Um and thus the set Um/Um, has a unique smooth manifold 
structure making the canonical projection Um Um/Um? a surjective submersion; the underlying 
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manifold topology of U m /Um* is the quotient topology and Um acts smoothly on the left on Um /Um<? 
by (u, [v]) £ Um X Um/Um* i— * u ■ [v] := [uv], where [v] — uUm*> (see Bourbaki [TI], Chapter III, §1.6, 
Proposition 11). Endow the orbit U v with the manifold structure making this equivariant bijection into 
a diffeomorphism. It is then easily checked that the inclusion of U v into M* is a weak immersion, 
(iv) See Theorem 2.9 in gj. ■ 

Remark 2.3 (cf. Remark A. 2. 2 in [20]) There always exist faithful elements in M* provided the predual 
M* of the W*-algebra M is separable. 

Remark 2.4 (cf. Proposition 5.1 in 0) In the setting of Theorem 12.21 assume that M = B(H) for 
some complex infinite dimensional Hilbert space TL. 

Then, for any faithful state ip £ M* the orbit U v is not locally closed in M*. Thus, if M = B(Ti), 
the weakly immersed submanifolds occurring in Theorem 12 . 21 are never embedded submanifolds of M». 

Remark 2.5 (cf. Section 5.15 in [22]) Let M be a IU*-afgebra and < <p £ M*. Define the support of 
V by 

p := s(p) := 1 - sup{g £ I <p(q) = 0} £ Pm- 
The support of tp has the following properties: 

(i) (V.x £ M) tp{x) = tp(xp) = tp(px) = ip(pxp). 

(ii) If < x £ M and tp(x) — then pxp — 0. In particular, (p\ P Mp £ (pMp)* is faithful on the 
IU*-algebra pMp. 

For later reference we also note that we have 

(Vu £ U M ) s(Ad(u)» = u- x s(¥>)u, (2.1) 

since for each q £ Vm the condition ^(uqu" 1 ) = is equivalent to uqu^ 1 < 1 — s(y>), hence to 
q < 1 — u^ 1 s(tp)u. 

Remark 2.6 (cf. Section 5.17 in [321 ) Let M be a M / *-algebra and tp £ M* such that tp = ip*, in the 
sense that tp(x*) — tp(x) for all x £ M. Then there exist tpi,tp 2 £ M* uniquely determined by the 
conditions: 

(i) tp = tp x - ip 2 , 

(ii) ipi > and 1^2 > 0, and 

(iii) s(</ji)s(^ 2 ) = 0. 

Lemma 2.7 Let M 6e a W* -algebra, < tp £ M*, p := s(<£>), y? p := <^| p Mp £ (pMp)*, and denote, as 
before, 

Vmv = {u £ Um I Ad(u)*ip = tp}. 



Beltita and Ratiu: Symplectic leaves 



5 



Then 

Um? = {u e U M | = up, pup e V(pM P )fp } 
ut 
w 2 

where 



G U E 



Up := {u G Um I pit = up} = | f U q ^ ^ Ui6 UpMp, "2 6 U(i_p) M (i-p) | 
and £/ie 2x2 matrix is written with respect to the orthogonal decomposition 1 = p + (1 — p). 
Proof. Since 



{u g Um \pu= up} 



ui 
u 2 



Ul G \JpMp,U2 G U(!_ p )M(l-p) 



it follows that U p is a Lie subgroup of Um- For all u G U« f we have w 1 s(< ) 5)u = s(</?) by formula (|2.1|) 
in Remark 12.51 Thus, since p — s((^), we get 

Um-" C Up. 

We now come back to the proof of the desired conclusion. For any u G Um we have 

(Vx G M) tp^uxu" 1 ) — <p(x) (Vx G M) ip(puxu~ 1 p) = ip(pxp) 

by Remark 12. 5lT ). Hence for u G U p (that is, up = pu) we have 

(Vx G M) ^(uxu^ 1 ) = ip(x) (\/x G M) ip((pup)(pxp)(pu~ 1 p)) — ip(pxp). 

Next note that, since up = pu, it follows that pu~ x p is just the inverse of u\ := pup G U P Mp- Thus the 

1 f= TT„ as ahnvp wp lnavp 

u 2 



above equivalence shows that, for u = ( " x ^ ) G U p as above, we have 



u G Dj/p ui G U(pMp)"p , 

and the desired conclusion is proved. ■ 

Proposition 2.8 Let M be a W* -algebra, <p G M* such that ip = tp* , and 

Vmv = {u G Um I Ad(u)*<y5 = <p}. 
Then Ump is a £«e subgroup of Um ■ 

Proof. Let iys = ipi — </?2 as in Remark l2.6l and denote p\ — s(ipi), p 2 = s(if2), so that P1P2 — P2P1 = 0. 
We will prove that 

Um*> = Umw n Umv2 . 
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The inclusion D is obvious. Now let u £ Um»- Then 

if = Ad(u)*ip = Ad(u)*cpi - Ad(u)*ip 2 . 

Moreover, it is clear that Ad(u)*ipj > and s(Ad(u)*p 3 ) = u~ 1 pjii (by 12. 1[) in RemarkJ^J for j = 1, 2, 
hence s(Ad(u)* (fi)s(Ad(u)* (p 2 ) = 0. It then follows from the uniqueness assertion in Remark |2. 61 that 
Ad(u)*ifij — ipj for j — 1, 2, hence u £ Um^i H Umh as desired. 

Next denote p 3 = 1 — p\ — p 2l so that pj £ Pm and Pif^ = for 1 < i, j < 3, and Pi + p 2 + Pj, = 1- 
According to Lemma 12.71 we have U M fp, C{u£ \] M | = Pj-w} for j = 1, 2, hence 

Um^i H Um*>2 G { u G Um I wpj = PjU for j = 1, 2, 3} 

ui 
u 3 
M 2 



u, G \J Pj M Pj for j = 1, 2, 3 



Lemma 12 . 71 actually shows that 

U M *> P i = {u G U M I Pi" = upi, p\up 1 £ \5( Pi m Pi )^i } 
~ V M fP! x U(i_ Pl ) M ( 1 _ P2 ) 

= U M V P1 X U(p 3+ p 2 ) M (p 3+ p 2 ) 



and similarly 



U M ^2 = {w e Um I p 2 u = up 2l p 2 up 2 e U( P2 M P2 yp2 } 



^(pi+p 3 )M( Pl + P3 ) x U m *>p 2 . 



Hence 



Uj\/^i n U M h = {u £ U M I Pj" = upj, Pjupj £ ^( Pj M Pj f p 3 for 3 = 1> 2} 
~ U M v P1 x Up 3 Mp 3 x U M vp 2 
ui 




u 3 
u 2 



"3 6 U P3 Mp 2 , G U M v Pj for j = 1,2 



Now U M ^ P j is a Lie subgroup of V Pj M Pj by Theorem 12. 2f ii) since <^ p . = <p\ Pj M Pj is faithful for j = 1,2 
by Remark I2.5f ii). Hence the above isomorphism shows that Umvi H Umk is a Lie subgroup of 
U Pl Mpi x U P3 Mp 3 x Up 2 Mp 2 - But the latter group is isomorphic to 



ui 
u 3 
u 2 



G Up 3 M Pj for j = 1,2,3 



which is a Lie subgroup of Um, hence Um«> = Umm H Umm is in turn a Lie subgroup of U 



M ■ 



Corollary 2.9 For every W* -algebra M and ip = (p* E M* ; i/ie coadjoint orbit of the Lie group Um 
through ip £ (um)* G (um)* /ias fie structure of a \J m -homogeneous weakly symplectic manifold which 
is weakly immersed into (um)*- 
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Proof. Just use Proposition 12 . 81 along with Theorem 7.3 in |2E]- B 

Corollary 2.10 Let M be an arbitrary W* -algebra and consider the corresponding real Banach Lie- 
Poisson space M£ a — {ip G A/* \ (p — ip*} . Then the characteristic distribution of M£ a is integrable and 
all its maximal integral manifolds are symplectic leaves. 

Proof. Use Corollarv l2.9l along with Theorem 7.4 in [2E| and note that all the coadjoint orbits referred 
to in Corollary 12. 91 are connected since the unitary group of every IU*-algebra is connected. ■ 

Remark 2.11 It is noteworthy that the weakly symplectic manifolds given by Corollary 12.91 are some- 
times strongly symplectic. For instance, this is the case of the coadjoint orbits of rank-one projections 
if we assume that M = B(TL) for some complex Hilbert space TL with the scalar product (• | •). 

In fact, for any x G TL with ||x|| = 1 denote by p x = (• | x)x the orthogonal projection of TL onto 
the one-dimensional subspace Cx. Then p x G Af^ a and up x u* — p ux for all unit vectors x G TL and all 
u G Uiif. Thus, denoting by S-h the unit sphere of TL (that is, the set of all unit vectors in TL) and by 
P(TL) := Sn/T the projective space of TL, it follows that the mapping 

S n ^Ml a , x^ Px , 

induces a UM-equivariant diffeomorphism of ¥(TL) onto the coadjoint orbit V\ := {p x | x G S-h}- It is well 
known that the projective space F(TL) is a strongly symplectic manifold (it is locally symplectomorphic 
to TL /Cxq with the symplectic form defined by the double of the imaginary part of the quotient scalar 
product, for an arbitrary unit vector xq G TL), hence our claim that V\ is strongly symplectic will follow as 
soon as we show that the aforementioned diffeomorphism V\ ~ P(TL) is actually a symplectomorphism. 
To this end, fix a unit vector xq G TL. The symplectic structure of the coadjoint orbit V\ through 
Px S Ml & is defined by the skew symmetric bilinear form 

uj Xo : u M x Um -> K, u Xo (ai, a 2 ) = «Tr (p XQ [ai, a 2 ]) 

(see formula (7.5) in |2H|)- Since the elements of Um are skew-symmetric, it follows that for all ai, a 2 G 
Um we have 

u> XQ (ai,a 2 ) = -i ■ Tr((- | [ai, a 2 ]x )x ) = i([a 1 ,a 2 ]x \ x ) = 2Im(aia;o | a 2 x ). 

On the other hand, if we consider U^J = {u G U | uxq G Cxq}, which is the isotropy group of 
Cxq G ¥(Tl), then we have a UM-equivariant diffeomorphism Uj\/ / \J M ~ ¥(TL), and the UM-hrvariant 
symplectic form of ¥(TL) will be defined by the skew-symmetric bilinear form 

oj' Xo ■ u M x um -* R, LUx a {ai,a 2 ) = 2Im(aix | a 2 x ). 

The above computation shows that u> Xo — w' x , and this concludes the proof of the fact that the 
UM-equivariant diffeomorphism V\ ~ P(TL) is a symplectomorphism, whence the coadjoint orbit V\ is 
strongly symplectic. 
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In the same special case when M = B(TL) for some complex Hilbert space TL (that is, when M is a 
factor of type I), the result of Corollary 12. 91 also follows by Corollary 7.7 in |2U along with Lemma 4.1 
in PJ. However, we conclude this section by showing that, in general, the previous Corollary 12 . 91 applies 
to coadjoint orbits that do not fall under the hypotheses of Corollary 7.7 in [2Hj- To this end, we prove 
the following fact. 

Proposition 2.12 Let M be a von Neumann algebra on a complex Hilbert space Ji. Assume that M is 
a Hi factor with the faithful normal trace state r and that there is a positive invertible element h S M 
with the spectral measure Eh(-) such that for some v € Ji \ {0} the localized measure \\Eh(-)v\\ 2 has no 
atoms. 

Now define 

ip: M — * C, <p(x) = r(hx). 
Then ip £ M* is a faithful functional and there exists no family {e^azi of mutually orthogonal self- 
adjoint projections in M satisfying Y] = 1 and M v = < Y] e el . 

Proof. It is clear that ip £ M*. Next, for every x £ M we have 

ip{x*x) = r(hx*x) = r(xhx*) = T ((h 1/2 x*)*(h x / 2 x*)). 

Since r is faithful and h is invertible, it then easily follows that ip is faithful. 
Now, to prove the property stated for M v , we first check that 

M v = {a&M\ ah = ha}. 

In fact, a 6 M v if and only if ip(ax) — ip(xa) for all x £ M , that is, r{hax) — r{hxa) for x £ M . Since r 
is a trace, the latter property is further equivalent to r{hax) — r{ahx) for all x £ M , hence to ha = ah. 
Next let us assume that there exists a family {e^i^i of self-adjoint projections in M satisfying 

e^ej = whenever i ^ j, ei — 1 and M v = \ Y1 e i xe i I x € M>. According to the previous 

iei **iei ' 

characterization of M v we have that h belongs to the center of M v . Then it follows at once that e^/iej 

(= eih = hei) belongs to the center of CiMci for each i £ /. On the other hand, since M is a factor 

(i.e., its center reduces to the scalar multiples of the unit element) it follows by Corollary 3.15 in [35] 

that eiMei is in turn a factor, hence there exists A^ £ C such that e^/i = hei — A^, for arbitrary i £ I. 

We now show that this fact contradicts the spectral assumption on h. In fact, since the measure 

||i?/i(-)v|| 2 has no atoms, it follows that for each i £ I we have H-E^lAi})?; || 2 = 0, i.e., Eh{{Xi})v = 0. 

On the other hand, since C{h = hei = Ajej, we get < Eh({\i}), that is, eiEh({\i}) — Eh({Xi})ei = a. 

Then e^u = eiEh{{\i})v = for every i £ I. Since Y] ej = 1, it then follows that v — 0, a contradiction. 

U 

Example 2.13 A concrete situation where Proposition 12. 12| applies is provided by Theorem 2.6.2 in 
|34j . Specifically, let M be the von Neumann algebra generated by the real parts s(t) :— (l(t) + l(t)*)/2 
of the left-creation operators l(t) (for t £ Hr) on the full Fock space T(Hc) associated with the 
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complexification Tic of the real Hilbert space with dim(HR) > 1. Then M is a Hi factor with the 
trace defined by the vector form at the vacuum vector vq. 

Moreover, for arbitrary t G 7Y R \ {0}, the operator s(t ) is self-adjoint and its spectral measure 
localized at the vacuum vector vo is absolutely continuous with respect to the Lebesgue measure, hence 
it has no atoms. As a matter of fact, the aforementioned localized spectral measure is given by the 
semicircle law 

2 . 

^pX[-||io||,||to||] (*Vll*o|| 2 - r 2 dr. 

Thus, for e > arbitrary, h :— \\to\\ + e + s(to) e M is a positive invertible operator whose spectral 
measure localized at the vacuum vector vq (that is, the measure ||_E/j(-)t)o || 2 ) is absolutely continuous 
with respect to the Lebesgue measure on R. 

3 Orbits of adjoint actions 

Let £>(W) denote the space of all bounded operators and Ug^) the group of all unitary operators on 
the complex Hilbert space H. 

Theorem 3.1 f |12p Let Ti be a complex Hilbert space, T G B(TL), Ug(^)(T) the unitary orbit through 
T, and 

a:U s(w) -»U B ( W )(T)(CB(W)), V^VTV* 
the corresponding orbit map. The following assertions are equivalent: 

(i) The map a has local continuous cross sections if the unitary orbit Ug(^) (T) is endowed with the 
relative topology inherited from B{TL). 

(ii) The unitary orbit Ug(-^)(T) is closed in B{TL). 

(iii) The sub-C* -algebra generated by T in B{TL) is finite dimensional. 

(iv) There exist operators A and B on certain finite dimensional spaces such that T is unitarily equiv- 
alent to the Hilbert space operator defined by the infinite block- diagonal matrix 

(A \ 

B 

B 

B 

Vo ■.) 

(v) The unitary orbit Ugm)(T) is a smooth submanifold of B(Tt). 
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Proof. See Theorem 1.1 in ^21 or Theorem 4.1 in |S] for the fact that assertions (i)-(iv) are equivalent. 
Moreover, these assertions are equivalent to (v) by the results of p^; see Theorems 1.1 and 1.3 in [2]. 
■ 

Concerning Theorem I3.1f i^l , we note that the existence of global cross sections of the orbit map 
was investigated in [20]. In fact, according to Theorems 4 and 7 in JfO], and using the notation of 
Theorem 13.11 a global continuous cross section of a can be constructed if and only if we can choose 
A = B in Theorem IXTTiv). 

Theorem 3.2 ([5]) Let Ji be a complex Hilbert space, T £ B(TL), and define 

adT: B(H) B{H) by A^[T,A}. 

Furthermore denote by 6i the ideal of trace class operators on TL. Then the following assertions are 
equivalent: 

(i) The operator adT has closed range in B{TL). 

(ii) For every complex polynomial p the operator p(T) has closed range in TL and there exists a non-zero 
polynomial pq such that Po(T) = 0. 

(iii) The operator T is similar to an operator that generates a finite- dimensional sub-C* -algebra of 
B(H). 

(iv) The operator &dT\e 1 has closed range in &±. 

Proof. The fact that the assertions (i)-(iii) are equivalent can be found in 0. 

The fact that (i) is equivalent to (iv) is also well known and follows by an easy duality argument 
(see e.g., Theorem 3.5(h) and the proof of Proposition 3.12 in ^Ij). Thus, first recall that the range of a 
Banach space operator is closed if and only if the range of its dual operator is closed. Since the Banach 
space dual to Si is B(H) and the operator dual to adT|e t is — adT' (where T' £ B(TL) is the operator 
dual to T), while T' is conjugate-similar to T*, it then follows that the range of adT|e t is closed if and 
only if the range of adT* is closed. Furthermore, the range of adT* is closed if and only if the range of 
adT is closed, as a consequence of the fact that (i) •£> (ii). ■ 

Remark 3.3 More details on Theorem 13 . 21 can be found in Chapter 15 of the book [S]. 
Proposition 3.4 IfT£ Ub(H) an ^ we denote 

U B (h),t = {U£ Ub(w) I UTU- 1 = T}, 
then UW-ftVT * s a Lie subgroup o/Ug(^). 

Proof. It follows by Theorem 8.12 in that UbCH),t is a Banach Lie group with respect to the 
topology inherited from \3b(h) an d with the Lie algebra u-b{h),t '■— Ker(ad UB(T1) T). 
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So it only remains to check that Ub{h),t is a split subspace of Ugrm, which is well-known. Just pick 
an invariant mean LIM on the (Abelian, hence amenable) group (M, +), and define a continuous linear 

a — >oo 

map 

E- U-B(H) ~ * U B(H) w ith E 2 = E and Rani? = Ker(ad UB(H) T) 
in the following way: for all S £ Ub(h) an d /, 9 € H let 

(E(S)f | g) = LIM(5(exp(aT))/ | (exp(aT)) fl ). 



We recall that LIM is just a suggestive notation for a positive linear functional m: ^°°(R, C) — » C 
satisfying ||to|| = 1 and 

(V£ e r°(R,C))(Va g R) m(f) = m(&,), 

where (R, C) is the commutative C* -algebra of all bounded functions £: R — > C, and£ Q (/3) := £(a+/3) 
whenever £ e (R, C) and a, /? 6 R. The existence of a functional m with the aforementioned properties 
follows by Theorem 1.2.1 in JHjj and our notation LIM is then introduced by 

a — > oo 

(V£ € £°°{R, C)) LIM f (a) := m(£). 

a — >oo 

Now the fact that the map E: \\b(h) U B(H) nas the properties claimed above follows by The- 
orem 16(b) in |21j applied for the unitary representation a i— > exp(aT) of the Abelian group (R, +). 



4 Symplectic leaves in preduals of operator ideals 

In this section and in the following one, TL stands for a separable complex Hilbert space, and GL{TL) 
for the set of all invertible bounded linear operators on TL. 

Definition 4.1 Let TL be a complex Hilbert space and $ the ideal of all finite-rank operators on TL. For 
every two-sided ideal 3 of B(TL) we shall use the following notation: 

u 3 = u B(W ) n (l + 3) 
= u B(w) n 3. 

For later use, we now recall a few facts concerning Banach ideals of operators on the complex Hilbert 
space TL (see ^5] an d also [T3|L 

Remark 4.2 (i) By Banach ideal we mean a two-sided ideal 3 of B(TL) equipped with a norm || • \\j 
satisfying ||T|| < \\T\\ 2 = ||T*|| 3 and \\ATB\\ 3 < \\A\\ \\T\\ 3 \\B\\ whenever A,Bg B(TL). 

(ii) Let c be the vector space of all sequences of real numbers {£j}j>i such that £j = for all but 
finitely many indices. A symmetric norming function is a function <i> : c — ► R satisfying the following 
conditions: 

I) <&(£)> whenever O^Gc, 
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II) <J>(«£) = whenever a£l and £ G c , 

III) $(£ + 77) < $(£) + $(77) whenever £, 77 G c, 

IV) $((1,0,0,...)) = !, 

v ) *(Uj}j>i) = *({^0)}j>i) whenever {£,-}j>i G c and tt : {1, 2, . . . } -»• {1, 2, . . . } is bijective. 

Any symmetric norming function $ gives rise to two Banach ideals 6$ and &^ as follows. For every 
bounded sequence of real numbers £ = {S,j}j>i define 

*(0 :=sup$(&,£ 2l . ..,£„, 0,0,...) G [Q,oo]. 

For all T G B(W) denote 

||T||*:=*({ aj -(T)} J > 1 )G[Q,oo] J 
where Sj(T) = inf{||T — F\\ \ F G B(H), rankF < j} whenever j > 1. With this notation we can define 

= {t eb{H) 1 ||r||« < 00}, 

&f=t U (<=©*), 

that is, is the || • ||$-closure of the finite-rank operators 3 in S$. Then || • ||$ is a norm making 
6$ and 6$ into Banach ideals (see §4 in Chapter III in 15 ). Actually, every separable Banach ideal 
equals &^ for some symmetric norming function $ (see Theorem 6.2 in Chapter III in |15j). 

(iii) For every symmetric norming function $ : c — > K. there exists a unique symmetric norming 
function $* : c — > K such that 



$*(r/) = sup { i = {£j}j>l G c and £1 >&>•••> 



whenever 77 = {?7j}j>i G c and 771 > 772 > ■ ■ ■ > 0. The function <I>* is said to be adjoint to <3? and 
we always have ($*)* = $ (see Theorem 11.1 in Chapter III in ^H])- For instance, if 1 < p, q < 00, 
1/p+l/q = 1, $p(£) = ||£||#> and = ||£||^ whenever £ G c, then (<J> P )* = $5. If $ is any symmetric 

norming function then the topological dual of the Banach space 6$ is isometrically isomorphic to S$* 
by means of the duality pairing 

6$. x 6^ 0) -» C, (T, S) i-> Tr(TS') 

(see Theorems 12.2 and 12.4 in Chapter III in |15j). 

Lemma 4.3 Let k be a positive integer and 

3k := {T G I rankT < fc}. 

TTieti /or every symmetric norming function $ i/ie norms \\ ■ ||$ and || • || define the same topology on 
the set 5fc. 
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Proof. We essentially follow the idea of proof of Lemma 2.1 in [§]. Inequalities (3.12) in Chapter III 
in ^2] show that 

oo 

ei = *oo(0<«(o<*i(0=X> 

whenever £ = {£j}j>i G c and £i > £2 > • • • > 0. Since for each F G ^fe we have S2k+i{F) = 
S2k+2{F) = ■ ■ ■ = 0, we get 

OO 

(VF G £ 2fc ) ||F|| = < < \\F\\ 9l = £ fli (F) < 2fc • Sl (F) = 2k\\F\\. 

On the other hand, the difference of any two operators in $k clearly belongs to fofc, so that 

(VFi,F 2 e$ k ) \\F 1 -F 2 \\ < \\Fi-F2\\*<2k\\F 1 -F 2 \\, 
and the proof is complete. ■ 

Lemma 4.4 Let Xq be a reflexive real Banach space and Aq : Xq — > Xq a bounded linear operator such 
that sup || exp(L4o)|| < oo. Then Xq = Ker Aq © Ran Aq. 

tSR 

Proof. First endow the complexified space X := Xq © iXq with a norm making the conjugation 

C : X — y X, x + iy i— ► a: — iy, 

into an isometry (see e.g., Notation 1.1 in [7] for a method to define such a norm). Thus for all x,y E Xq 
we have 

N<^±ifc^M = IN + i y ||. (4.i) 

Then denote by A £ B(X) the unique complex-linear operator whose restriction to is Aq and 
commutes with the conjugation, that is, AC = CA. 

On the other hand, denote M := sup || exp(tAo)||. Then for all z = x + iy G X and t G M we have 

t6R 

|| exp(tA)z\\ = || exp(tA,)a; + iexp(ti4o)l/|| < ||z|| + ||»|| < 2M\\z\\, 
where the last inequality follows by Q4.1[l . Thus sup || exp(L4)|| < 2M. Then it is well known that 

t6R 

the norm defined on X by \\z\\i := sup || exp(iA)z|| is equivalent to || • || and has the property that 

ten 

|| exp(fA)||i = 1 for all t G K (see e.g., Lemma 7 in §2 in ^H]). Since the Banach space X is reflexive, it 
then follows by Corollary 4.5 in [33] that X = Ker(iA) © Ran(L4), that is, X = Ker A © Ran A. 

Now, we have CA — AC, Xo = {z G X \ C(z) = z} and A\x — Aq : so it is straightforward to show 
that Xo = Ker Aq © Ran Aq . ■ 
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Proposition 4.5 Let 3 be a Banach ideal whose underlying Banach space is reflexive, T € 113, and 
denote 

u 3 , T = {u 6 u 3 1 tmy- 1 = r}. 

TTien U3.T *s a iie subgroup 0/U3. 

Proof. We first recall from Proposition 10.11 in [Jj that U3 is real Banach Lie group whose Banach 
Lie algebra is 113 and that the inclusion map U3 c —> ~Ubch) is a homomorphism of Banach Lie groups (see 
also Lemma 15. II belowL Since U^t is just the inverse image of ^b(U),t by the aforementioned inclusion 
map, it follows from Proposition 13.41 and Lemma IV. 11 in |21] that U^t is a Banach Lie group with 
respect to the topology inherited from Uj and whose Lie algebra is u^t = Ker(ad U;j T). 

It only remains to be shown that u^t is a split subspace of 113. But this follows by Lemma l4~4l since 
for all t e K and S e u 3 we have (exp(ad U3 tT))S = e tT Se~ tT , whence || exp(ad U;i tT)\\ < 1. ■ 

Corollary 4.6 Let (25,3) be a pair of Banach ideals whose underlying Banach spaces are reflexive and 
assume that the trace pairing 

!Bx^C, (T, S) ^ Tr(T,S*) 

is well defined and induces a topological isomorphism of the topological dual 25* onto J. Then the 
characteristic distribution of the real Banach Lie-Poisson space u>b = (113)* is integrable and all its 
maximal integral manifolds are symplectic leaves. 

Proof. The proof is similar to that of Corollaries 12.91 and I2.1UI using Proposition 14.51 instead of 
Proposition 12. 81 ■ 

Example 4.7 An obvious example of a pair of Banach ideals (23,3) to which Corollary 14 . 61 applies is 
a pair of Schatten ideals (6 P , & q ) with p,q £ (l,oo) and l/p+ l/q = 1. More sophisticated pairs of 
Banach ideals in duality arise in the duality theory of operator ideals; see Remark l4.2f iii'). 

We now consider the problem of constructing invariant complex structures compatible with the 
symplectic structures on certain of the leaves in Corollary 14.61 This problem can be treated by the 
techniques used in the proof of Theorem VII. 6 in |24j . 

Proposition 4.8 Assume that the pair of Banach ideals (25,3) has the properties that the Banach Lie 
group U3 is connected and the trace pairing 

25 x 3 -> C, (T, S) 1—* Tr(TS) 

is well defined and induces a topological isomorphism of the topological dual 25* onto 3- Let T S U23 fl J 
be a given element and denote 

U ,t = {U E U I UTU- 1 = T}. 

Then the homogeneous space Uj/U^t has a U ^-invariant weakly Kahler structure and this homogeneous 
space is weakly immersed into u<b . 
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Proof. 1° Preparations: Denote <j(T) = {Ao, Ai, . . . , A„} with Ao = 0, and Hi — Ker(T — Ajl) for 
i = t ... ,n. Since T* = — T, it follows that we have the orthogonal direct sum 

H = Hi 8 •••©«„ ®H . 

Moreover, dim Jii < oo for i = 1, . . . , n, since T 6 5. 

Henceforth we will think of the operators on H. as operator matrices with respect to the above 
orthogonal decomposition. In particular we have 

/A X \ 

T = 

An 

V J 

which easily implies that 

cr(adT| 3 )={A i -A j \ 0<i,j<n}, 

and that 

3= Ker(adT| 3 -^). (4.2) 

uecr(adT| 3 ) 

2° The isotropy group: In particular, it follows that Ker(adT| 3 ) is complemented in 3, hence the Lie 
algebra u 3i t = Ker(adT| u _) of the Lie group U 3i t is complemented in u 3 . Since U^t is a Lie group 
with the topology inherited from U 3 (which follows as in the first part of the proof of Proposition ^. 5fl . 
we see that U 3) t is in fact a Lie subgroup of U 3 . 

3° The complex structure: Since T* = —T, it follows that <j(T) C iR. Now we can apply Proposi- 
tion 8.7 in [7] with S = i[0, 00), 3 = R and ^(7) = 7(adT| U3 ) for 7 e R to deduce that the subspace 

p.- Ker(adTb-M) 

AiG(~S)ncr(adT| 3 ) 

of Z has the properties 

(i) [u 3 ,t,P] C p, 

(ii) p n p = u 3 , r + iu 3 ,T, 

(iii) p + p = J, and 

(iv) p is complemented in -J- 

Actually it is clear from the expression of p that we have 
(i') VpV- 1 C p if V e U 3)T , 
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hence Theorem 8.4 in [7] shows that there exists a U^-invariant complex structure on the homogeneous 
space U^/U^t- 

4° The symplectic structure: Now consider the continuous 2-cocycle of (actually 2-coboundary) 
defined by T e (u 3 )» C u^: 



This is just the 2-cocycle that gives rise to the U^-invariant weakly symplectic structure of U3/U3 T 
constructed in Theorem 7.3 in [25] . 

5° Kdhler compatibility: Note that the above expression of p (lower triangular block matrices, pro- 
vided we arrange increasingly the eigenvalues of T on iM) immediately shows that we have wt(P x p) = 
{0}, that is, p is actually a complex polarization of 113 relative to the continuous 2-cocycle lot (see e.g., 
Definition 9.10 in [7]). Furthermore, note that 



Now a standard reasoning (see e.g., page 77 in [21]) shows that the complex and weakly symplectic 
invariant structures on the homogeneous space U^/U^t are compatible, thus making it into a weakly 
pseudo-Kahler manifold. This manifold is actually Kahler since for all Z E p we have — \ujt{Z, Z*) > 
just as in the proof of Lemma VII. 4 in [21]. I 

Remark 4.9 In connection with the hypothesis of Proposition 14.81 we note that if Z = B(TL) then 
Uo = Ujgm) is well known to be connected. Also, if 2 is a separable Banach ideal, then the Banach Lie 
group U3 is connected as an easy consequence of Theorem (B) in [2H] and Lemma f5 . 1 1 b elo w . In fact, 
Theorem (B) in [2H] implies that, for a separable Banach ideal Z, the Banach Lie group GL3 has the 
same homotopy groups as the direct limit group GL(oo, C) = limGL(rt, C), with respect to the natural 

embeddings GL(n, C) GL(n + 1, C), 



In particular, GL3 is connected. Then Lemma f5. II below easily implies that U3 is connected. 

Thus, in the special case when 3 is separable and OS C J, the conclusion of the above Proposition ^. 81 
also follows by the results in Chapter 10 in 0. 

Remark 4.10 We mention that in the special case when in Proposition 14 . 81 we have 05 = $ = 62 (the 
Hilbert-Schmidt ideal) the homogeneous space U^/U^t is always a strongly Kahler manifold; see [21] 
for details. 



u x u 



E, lj t {X, Y) = Tr(T[X, Y]), 



u XT = Ker(adT| U3 ) = {X e u | (VY e u 3 ) wt(X,Y) = 0}. 




5 Embedded orbits in operator ideals 



The unitary orbits of finite-rank self-adjoint operators are embedded submanifolds of B(H), according 
to the results of Andruchow and Stojanoff 0, [2] (see Theorem 13.11 above). In this section we prove 



Beltita and Ratiu: Symplectic leaves 



17 



a more general version of a similar result of Bona 0| saying that, on unitary orbits of finite-rank 
operators on Hilbert spaces, the natural quotient topology coincides with the trace-class topology. This 
fact actually follows by Theorem 13.11 above and an easy topological remark (see Lemma 15.91 below) , so 
that a version of Theorem 13 . II involving operator ideals will automatically lead to a generalization of the 
aforementioned result in [Hj, [Sj- That generalization will concern smaller unitary orbits consisting in 
operators of the form V*TV, where V runs through the set of all unitary operators belonging to 1 + 3, 
for a suitable operator ideal 3. Additionally, we provide conditions ensuring the existence of invariant 
Kahler structures on these smaller unitary orbits (Theorem 15. 10(1 . 

We now prepare to establish a version of Theorem I3.1f (iii) =4> (i)) in the more general setting of 
operator ideals (see Theorem 15.31 below) . The key idea consists in showing that the main steps of the 
proof of Theorem 2.1 in ^21 can be carried out in the present setting. 

Lemma 5.1 Let 3 be a Banach ideal of B{TL). Then GL 3 := GL(7i) n (1 + 3) is a complex Banach Lie 
group, U 3 := ~Ub(H) H (1 + 3) is a real Lie subgroup of GL 3; p 3 := {A G 3 | A = A*} is a real Banach 
space with the norm inherited from 3, and the map 



is a diffeomorphism. 

Proof. For the Lie group structures of GL 3 and U 3 see e.g., Proposition 10.11 in j7|. We just recall 
that the topology of GL 3 is defined by the metric (Vi, V2) *-> \\Vi — V2W3, where || • is the norm of 3. 

The fact that the polar decomposition induces a diffeomorphism of U 3 x p 3 onto GL 3 follows just 
as in the special case 3 = & p treated in Proposition A. 4 in [21]. I 

Lemma 5.2 Lei $ be a symmetric norming function and 3 = S$. Also let f: [0, 1] — > M be a continuous 
nondecreasing function such that < f(t) < t whenever t £ [0, 1]. Then for every sequence {j4 n } n >i 
in 3 with < A n < 1 for all n > 1 and lim ||A n ||$ = we have f(A n ) e 3 for all n > 1 and 



$:U 3 xp 3 ^GL 3 , (V,A)^Ve 



A 



lim = 0. 

n. — >nn 



Proof. Wc first recall from Remark l4.2f ii) that 



(VTe3) ||T||» 



*({*i(r)}i>i)- 



Then for every positive integer n we have 



\\f(A n )U = <S>({s J (f(A n ))} J > 1 ) 



= ®({f(sj{A n ))}j>x) 

= \\An\\ 9 . 



(since / is nondecreasing) 
(since < f{t) < t for t e [0,1]) 



Thus < 00 for all n > 1 and lim =0. ■ 

n — >oo 
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Theorem 5.3 Let $ be a symmetric norming function, 3 = 6$, T = T* eg, U 3 (T) := {V*TV | V e 
Uj}, and 

7r:U 3 ^U 3 (T), V ^ V*TV. 
Then there exist an open neighborhood T> of T e B(7i) and a map 

<p: PnUa(T) 

such that 

(i) ip is continuous when T> n Uj(T) is equipped with the topology inherited from B{TL) and U3 is 
equipped with its Lie group topology defined by the metric {V\, V%) 1— ► \\V% — V^||$, and 

(H) 7TO(p = id PnU;i(T) . 

For the proof of this theorem we need some notations, remarks, and lemmas. 

Notation 5.4 We now introduce some notation that will be used until the end of the proof of Theo- 
rem 

(i) We denote cr{T) = {Ai, . . . , A p }, where X p = 0. 

(ii) For i = 1, . . . ,p, we denote /Cj = Ker(T — Ajl), Ei the orthogonal projection of TL onto K,i, and 
is a polynomial in one variable with real coefficients such that Ei = e^(T). 

(hi) We pick an open neighborhood T> of T e B{TL) such that 

max sup ||ej(i?) — ej(T)|| < 1. 

l<i<P R£T> 

Remark 5.5 Let V € U 3 with R := V*TV eV. For i = 1, . . . ,p we have 

11^7 - = ||7*ei(T)V - e 4 (T)|| = |[ ei (F*T^) - ei (T)|| = \\e t (R) - e t (T)\\ < 1, 

whence 

WiEiVEifiEiVE^-EiWKl. (5.1) 
On the other hand, the inequality [[V*£^V — E{\\ < 1 also implies that 

\\E t - VE^W < \\V\\ \\V*EiV - Ei\\ \\V*\\ < 1, 

whence 

UEiVEiHEiVEi)* -Ei\\ < 1. (5.2) 
Now H5.1J) and l|5.2|) show that EiVEi\]Q i e GL{ICi) and thus we have a polar decomposition 

EiVEi = XiQi 

with Qi = \E t VE t \ = {{EiVEi)* {EiVEi)) 1 /*, KerX, = KerQ, = /QS and Xi\ Ki e \J{Ki). We will 
denote 

^{V) =X* + --- + X£e U(«) 
whenever V e V3 is as above (that is, V*TV e V). 
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Notation 5.6 With the notation ip(-) introduced in Remark 15.51 we define 

ip: Vr\U 3 (T) -> U(H) by (p(V*TV) = ij)(V)V, 
where V el]? and V*TV G X>. 
Lemma 5.7 VKe Ziai/e a well-defined map 

tp: DnU,(T) -^U 3 

satisfying ir o ip = idpny., (T) . 

Proof. 1° Let i? = V*TV = W*TW G X> with V, W G U a . Then VYF* G U a n {T}' = U a n 
{Ei, . . . , E p }', so that (with the notation of Remark 15.51) we have 

EiWEi = WV*E l VE l = (WV*Xi)Qi, 

where WV*X i \ ! c i G U(/Q) and Ker(VTV*Xj) = Ker X, = Ker Qj. Thus the above equalities actually 
give the polar decomposition of EiWEi, whence 

p 

HW) = J2x*VW* = ip(V)VW*. 

i=l 

Consequently ip(W)W — ip(V)V, and thus the definition of <p(R) is independent on the choice of V G Uj 
with R = V*TV. 

2° We now check that ip(V*TV) G U 3 if V G U a and F*TF G P. First note that for all i,j G 
{l,...,p} we have X i} Xj G {J5i, . . . , iJp}', hence XfX,- = X*E l X J = 5 t jEi and similarly = £#2%, 

where £y is the Kronecker symbol. This implies that ip(V)ip(V)* — i/j(V)*ip(V) = 1. Thus, in order to 
show that (p(V) — ip(V)V G Uj, it remains to check that ip(V) G U3. 

To this end, note that 

p 

<*(V) :=J2 E * VE * £1 + 3, 

i=l 

since ^ = 1 and V G 1 + 3. On the other hand, as noted in Remark l5.5l we have EiVEi\jQ i G GL(/Q) 

i=l 

for i = 1, . . . ,p, hence 5(F) G GL(H) which proves that 

5(V) e GL a . 

Since it is easy to see that the equality S(V) = ip(V)*(Qi + ■ ■ ■ + Q p ) is just the polar decomposition of 
5(V), it then follows by Lemma IOI that ip(V)* G U 3 . Thus ip(V) G U 3 , as desired. 

3° To finish the proof we have to show that, if V G U 3 and V*TV G V, then n{ip{V*TV)) = V*TV. 
However, since ip(V) G {T}' and <p(V*TV) = V(V)F, we have tp{V*TV)*Ttp{V*TV) = V*TV, as 
required. ■ 
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Lemma 5.8 The map ip: 2?nUa(T) — * U3 is continuous when 2?nUa(T) is equipped with the topology 
inherited from B{TL) and U3 is equipped with its Lie group topology. 

Proof. 1° Let {V n } n >i be a sequence in Uj such that lim ||V^T14 - T\\ = 0. We will prove that 
Urn \\<p(V*TV n ) - 1||* = 0. 

n — >oo 

Clearly we may assume that V*TV n G V for all n > 1. Denote W n = ^(V^Tl^), so that W*T n W n = 
V*TV n for all n > 1. Thus we also have lim ||W*7W n -T[| = 0. Lemma Ol implies lim ||W*TW„ - 

n— *oo n—*oo 

TU = 0. 

For i,j G {1, . . . ,p} and i ^ j we have EiTEi = Aj-E, and SjT.Ej = AjS,-, hence B^fT, W n ]Ej = 
(A; - A, \ „! '.,. Then 

IIPU/PII ^ - W n T\\* \\W*TW n -TU 

± IA.-A,! - IA.-A,! ' 

and thus lim \\EiW n Ej [[$ = 0. 

Now let i G {1,. that is, A 2 ^ 0. Then lim ||W*TW„-T|| = implies lim || ei (W*Tpy„)- 

ei (T)|| = 0, hence lim HW^Wn - = 0. As in Remark 1531 we get lim \\(E l W n E i )*{E i W n E l ) - 

n — >oo n— »oo 

= 0, that is, lim \\E Z - (EiW n Ei) 2 \\ = 0. (Note that EiW n Ei = E^(V*TV n )E, > according to 

Notation l5.6l and Remark 1531 ) Since supjrank (EiW n Ei) \ n > 1} < ranki?.; < 00 (here we use A* 0), 
we get by Lemma [4.31 that lim \\Ei — (EiW n Ei) 2 \\^ = 0. Now Lemma [5.21 applied for the function 

f(t) = 1 - (1 - f) 1 / 2 shows that lim \\Ei - EiW n Ei\\^ = 0. 

n—*oo 

Next denote A n = (1 - E p )W n (l - E p ), B n = (1 - E p )W n E p , C n = E p W n (l - E p ) and D„ = 
E p W n Ep, so that 

A n B n 



in the sense that W n = A„ + B n + C n + D n . What we have already proved is that lim ( 1 1 A n — (1 — E p ) \ | $ + 

n — >oo 

||fl»||* + ||C»||*) = 0. Since W*W n = 1, we get B*B n + D* l D n =E p , so that lim | £>*£>„ - Ep\\ 9 = 0. 

n— *oa 

In other words, lim \\E P — (E p W n E p ) 2 \\& = 0, whence lim \\E P — E p W n E p \\& = as above, by making 

n— *oo ' n—>oo 

use of Lemma 15 .21 Consequently lim \\W n — = 0, as desired. 

n — i-oo 

2° We now prove that ip: T> n \Jj(T) —* XJj is continuous at all points of V D Uj. Let {Ki} n >i 
be a sequence in and F G U3 such that lim ||V*TK - V*TV\\ = 0. We have to show that 

n — ^00 

lim \\<p(V*TV n )-ip(V*TV)U = Q. 
n— >oo 

To this end, first note that lim \\VV*TV n V* - T\\ = 0, hence lim \\<p(W*TV n V*) - 1||* = by 

n — >oc n — >oc 

step 1° of the proof. On the other hand, the operator W n := ip(VV*TV n V*) has the property W*TW n = 
VV*TV n V*, hence V*TV n = V*W*TW n V, and thus <p(V*TV n ) = ^(V*W*TW n V) = ^{W n V)W n V. 
We have lim ||W„y - V||* = 0, hence it will suffice to show that lim \\ip(W n V) - VOOIk = 0. 

n — >oo n — >oo 

Thus we have to show that the map 
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is continuous with respect to the topology of U3. To see this, recall from step 2° of the proof of 
LemmaETTIthat. if W £ U 3 and W*TW G V, then 8{W) = iji{W)*\8{W)\ is the polar decomposition of 
S(W) G GL3. Now Lemma f5. II along with the obvious continuity of the map 8: 7r~ 1 (X') —* GL3 imply 
that the map ip: 7r _1 (X>) — > U3 is continuous. ■ 

Proof of Theorem 15.31 Just use Lemmas 15.71 and 15.81 ( see also Notation l5"l4")l . ■ 

Lemma 5.9 Let U, Q, Q± be topological spaces, p: U — > Q and l: Q — > Q\ continuous mappings, and 
Pi := Lop. Assume that the following conditions are satisfied: 

(i) The map 1 is injective. 

(ii) For every x\ G Q\ there exist a neighborhood W\ of x\ and a continuous map o~\ : W\ — ► U such 
that pi o a± = idwi ■ 

Then 1 is a homeomorphism of Q onto Q±. 

Proof. We have by (ii) that the map p\ is onto. Since cop — p 1: it then follows that l is onto as well. 
Thus it only remains to show that l~ 1 : Qi — > Q is continuous. 

To this end, let x\ G Qi arbitrary. According to hypothesis (ii), there is a continuous map o\ : W\ — > 
U on some neighborhood W\ of xi such that p\oo\ = idw ± , that is, Lopoa 1 = idwt ■ Then t" 1 1 w x = P°o~\, 
hence l~ x is continuous on the neighborhood W\ of X\. Since x\ G Q\ was arbitrary, it follows that 
is continuous on the whole set Q\. ■ 

Concerning part (i) in the statement of the next theorem, we note that it involves two (completely 
unrelated to each other) symmetric norming functions. On the topological level, this corresponds to the 
fact that any two symmetric norming functions define the same topology (in fact, the norm topology) 
on any unitary orbit of a finite-rank operator, as a consequence of Lemma FOl We should point out that 
there exist a large variety of symmetric norming functions, defining various types of operator ideals like 
Schatten, Lorentz, Orlicz and so on (see f° r a survey of this subject). By way of illustrating this 
remark, we recall that we have already mentioned in Remark |4.2f iii'l the functions $ p (-) = || • \\t? that 
define the Schatten ideals. For other concrete symmetric norming functions, see Example 15 . 1 II below. 

Theorem 5.10 Let $ and ^> be symmetric norming functions, 3 — 6$ 7 T = T* G 5 o-nd Uj(T) := 
\V*TV I V G U3}. Then the following assertions hold: 

(i) The orbit map 

ir-.Ui^Z, V^V*TV, 
induces a diffeomorphism of the homogeneous space Ua/U^T onto the submanifold Uj(T) 0/6*. 

(ii) If moreover 1 J r * = $ and the Banach Lie group U3 is connected, then the orbit Ua(T) is a U3- 
homogeneous weakly Kdhler manifold. 



Beltita and Ratiu: Symplectic leaves 



22 



Proof. (i) Wc first use Lemma PI with U = U 3 , Q = U a /U 3 , T , Qi = U 3 (T), p: U 3 -► U a /U a , T the 
quotient map and i: Uj/Uj t ~~ * ^(T) induced by the orbit map 7r, to deduce that the differentiablc 
map l is a homeomorphism, hence a diffeomorphism. Note that condition (ii) in Lemma 15. 91 is satisfied 
as a consequence of Theorem 15 .31 In order to prove that Ua(T) is an embedded submanifold of 6*, we 
now show that the weak immersion l: Uj/Ujt ~~ > 6* is actually an immersion. To this end note that 
the range of its differential at the point p(l) G Uj/U^t is 

{[T,Y] Feu 3 } = {[T,Y] Y = -Y* = {[T,Y] \ Y = —Y* e 6 X }, 

and this is a closed complemented subspace of 6$, as an easy consequence of Theorem 13.21 and 
Lemma 14.31 

(ii) Just use Proposition 14. 81 along with Remark l4.2f iii) (see also the equality l|4.2(l in step 1° in the 
proof of Proposition ^. 8fl . ■ 

Example 5.11 Let II = {^j}j>i be a sequence of real numbers satisfying the conditions 

(i) 1 = 7Ti > 7r 2 > • • • > 0, and 

oc 

(ii) TTj = 00. 

J'=l 

Let K,(7i) denote the ideal of compact operators on 7i and define 

oo 

&. = {AelC(H) | \\A\\ 7T :=J2^^M)<oo}, 

j'=i 

6 n = U e B(H) | \\A\\ n := sup Sl(A) ± ' ■ ■ ± S " (A) < oo}, 

n>l 7Tl + • • • + 7T„ J 

where (sj(A))j>i denotes, as usual, the sequence of singular numbers of an operator A £ B(H) (see e.g., 
Remark I4.2f ii)l. In other words, (3 W = 6$^ = and ©n = S* n i where the symmetric norming 
functions •Jtt, <l>n : c — > K are defined by 



$tt(£) = XI ^ and $n ^) = SUP 



£l + ' ' ' + Cn 



a>l 7Tl + • • ■ + 7T„ 

3=1 

whenever £ = {Cj }j>i S c and £i > £2 > • ■ • > 0. We note that (3?^)* = $n by the comments preceding 
Theorem 15.2 in ^Hj- It then follows by Theorem 15.2 in ^H] that (671- , Sn) is a pair of Banach ideals 
satisfying the hypotheses of Proposition 14.81 

If moreover the sequence LT = {^j}j>i is regular, in the sense that it satisfies the condition 

n 

(iii) sup(J] TTj)/{niTn) < 00, 

n>l j=l 
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then wc have the equality 6n = {^4 £ B(7i) \ B n (A) = 0(n n ) asn^ 00} according to Theorem 14.2 in 

m 

We note that, just as in the special case of the similar pair B(H)), the dual space &u is in 
general a non-separable Banach space (see Theorem 14.1 in JH] and Remark l4.2f iii^. 

For the sake of completeness, we note that in the case when the sequence IT is constant, that is, 
7Ti = 7r 2 = • ■ • = 1, we get &■„ = &i the trace class, and 6n = B(H). 

This is precisely the situation when the above Theorem 15. lOlT i reduces to Theorem 2.5 in [S] (a part 

of its proof appears already in |Hj). That is, to get the latter result, we have to apply Theorem 15. lOf i) 

00 

for 3 = B(H), i.e., <J>({&}i>i) = max&| and *({&}i>i) - E fol- 

j>i j= i 
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